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Entanglement, one of the clearest manifestations of non-classical physics, holds significant promise for tech-
nological applications such as more secure communications and faster computations. In this paper we explore
the use of non-reciprocal transport in a network of continuous-variable systems to route entanglement in one
direction through the network. We develop the theory and discuss a potential realization of controllable flow of
entanglement in quantum systems; our method employs only Gaussian interactions and engineered dissipation
to break the symmetry. We also explore the conditions under which thermal fluctuations limit the distance over
which the entanglement propagates and observe a counter-intuitive behavior between this distance, the strength
of the entanglement source, and the strength of the hopping through the network.

I. INTRODUCTION

Applications of quantum technologies [1] rely on the ex-
ploitation of effects such as interference and entanglement [2]
that are hallmarks of quantum mechanics. The potential that
lies in entangled systems—correlations that surpass, and can-
not be explained, by classical physics—is so promising that
studies of networks [3] envisioning a quantum internet [4]
have created entire research fields [5, 6]. A useful resource for
distributing entanglement in distant nodes is found in propa-
gating photons [7] enabling quantum key distribution through
space using entanglement based schemes [8]. Here we explore
the propagation of entanglement in a cascaded quantum sys-
tem, showing that it is in principle possible to set up a scheme
that allows entanglement to percolate one way, but not the
other, through a network of quantum devices. Our exploration
is phrased in the language of optomechanics and phonons, but
can be applied to any set of interacting continuous-variable
quantum systems.

The significance of non-reciprocity in quantum informa-
tion applications is established in a variety of architectures,
ranging from photonic setups [9, 10] and superconducting cir-
cuits [11, 12] to optomechanical systems [13–18]. In a largely
separate line of research, the dynamics of micro-mechanical
systems subject to radiation pressure forces has been explored
thoroughly within the field of optomechanics [19, 20]. This
optomechanical interaction has also been used to explore the
many-body dynamics of systems of coupled optomechani-
cal networks, giving rise to phenomena including the pos-
sibility of obtaining stronger coupling at the single-photon
level [21, 22], topological physics [23–25], dynamical gauge
fields [26], and synchronization [27–35]. Seminal work has
shown the cooling of motion of the mechanical system down
to its ground state [36, 37] and generation of quantum entan-
glement between mechanical oscillators [38, 39]. A recent
focal point of interest within optomechanics lies in the re-
search on nonreciprocal manipulation of fluctuations in quan-
tum systems, including routing thermal noise with optome-
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chanical thermal rectifiers [40] and swapping entanglement in
hot modes using cold auxiliary modes [41].

In this paper, we employ the vision of a quantum-
communication network which consists of a number of nodes
in a given geometry sharing some quantum correlations de-
scribed by a quantum state ρ. We show that along a con-
nected quantum channel a combination of coherent hopping
and engineered dissipation enables or disables the flow of en-
tanglement to another node achieving an entanglement rout-
ing device. Our results show that the creation of entanglement
with our scheme may increase the effective temperature in
the channel and, somewhat counter-intuitively, limit the prop-
agation of entanglement through the system. Nevertheless,
we find that entanglement can indeed propagate throughout a
channel of several nodes and that state-of-the-art optomechan-
ical experiments provide a basis that could realize our scheme.

We proceed by firstly deriving the effective quantum optics
model based on cascaded quantum systems. This model will
give us the physical intuition for the effects that occur and
their limitations. Subsequently we employ an already estab-
lished mapping to an optomechanical model where the me-
chanical degrees will replace the bath degrees and show that
the mechanism can be realized in experiments with achievable
parameters. Ultimately, we finish with a short outline on the
implications of our results.

II. THEORETICAL MODEL

We consider the collective dynamics of a squeezed bosonic
mode coupled to a chain of M bosonic modes acting as nodes
in the transport channel described by the Hamiltonian

Ĥ/h̄ =
M

∑
k=0

[ωk â†
k âk + (i Jk â†

k âk+1 + h.c.)] +
ir
2
(â†2

0 − â2
0),

(1)
with âk describing the bosonic annihilation operators of the

modes, ωk their respective resonance frequencies, Jk the hop-
ping rates between neighboring nodes, and r the squeezing
parameter of the squeezed bosonic mode â0 ≡ âM+1. Aim-
ing to impose cascaded dynamics onto the transport channel,
we follow Ref. [42] by establishing common heat baths con-
necting neighboring oscillators âl and âl+1. The oscillators
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decay with the rate γ into their common bath with average
occupation N̄l,l+1, realized with the standard dissipator in
Lindblad form Dô[ρ] = ôρô† − 1

2{ρ, ô† ô} through the col-
lective operators ĉl = (âl + âl+1)/

√
2 obeying the bosonic

commutation relation [ĉl , ĉ†
l ] = 1. The dynamics of the sys-

tems density matrix ρ are described by the master equation
in Lindblad form ρ̇ = −(i/h̄)[Ĥ, ρ] + ∑M−1

l=1 γ{(N̄l,l+1 +
1)Dĉl [ρ] + N̄l,l+1Dĉ†

l
[ρ]} and the nonreciprocal effect can

be achieved through the matching condition Jl = γ/2 for
l ∈ (1, ..., M − 1). The physical interpretation of the nonre-
ciprocal effect is based on the interference of the direct hop-
ping term from an oscillator to the next and the indirect path
of hopping to the same oscillator through the common bath.
The non-reciprocity relies on the coherent addition of these
two paths in the direction k → k + 1 whereas the two terms
cancel each other in the opposite direction k → k − 1. To
allow for more generality, we admit decay with the rate γout
into a distinct bath with average occupation N̄k for each of the
oscillators âk and obtain the master equation

ρ̇ = − i
h̄
[Ĥ, ρ] +

M

∑
k=0

γout{(N̄k + 1)Dâk [ρ] + N̄kDâ†
k
[ρ]}

+
M−1

∑
j=1

γ{(N̄j,j+1 + 1)Dĉj [ρ] + N̄j,j+1Dĉ†
j
[ρ]}. (2)

Figure 1 depicts a schematic illustration of the system of
interest. The first panel, Fig. 1(a), shows a small-scale model
consisting of a squeezed mode â0 and three modes â1 to â3 that
constitute a prototypical unidirectional chain. These modes
are coupled directly with their nearest neighbors through hop-
ping terms with rate Jk in the Hamiltonian in Eq. (1). Each
of the modes is coupled to a bath into which its excitations
can decay at a rate γout. In addition, the nodes that consti-
tute the unidirectional chain are pairwise connected through a
common bath into which the connected modes can decay at
the rate γ. Figure 1(b) presents an abstract representation of
this model by reducing nodes to vertices and showing direc-
tionality between vertices by arrows. Figure 1(c) generalizes
this model to any number M of mode in the chain, whereas
Fig. 1(d) effectively reverses the direction of propagation in
the chain by connecting the squeezed mode to the opposite
end of the chain.

We proceed by converting the master equation from
Eq. (2) into equivalent quantum Langevin equa-
tions. Therefore, we derive the operator equations
and use the fluctuation-dissipation theorem to add
noise operators for the distinct baths b̂in

k which obey
⟨(b̂in

k )
†(t)b̂in

m(t′)⟩ = N̄kδkmδ(t − t′), ⟨b̂in
k (t)(b̂

in
m)

†(t′)⟩ =

(N̄k + 1)δkmδ(t − t′) and for the common baths b̂in
l,l+1

obeying ⟨(b̂in
l,l+1)

†(t)b̂in
m,m+1(t

′)⟩ = N̄l,l+1δlmδ(t − t′),
⟨b̂in

l,l+1(t)(b̂
in
m,m+1)

†(t′)⟩ = (N̄l,l+1 + 1)δl,mδ(t − t′)
while all other combinations vanish under the white-
noise assumption. The resulting equations for the cor-
responding quadrature operators x̂ô = (ô + ô†)/

√
2

and p̂ô = −i(ô − ô†)/
√

2 can be summarized

Squeezing + mixing

⇒ entanglement

Unidirectional transport

(b)

0 1 2 3

(c)
0 1 M

(d)
1 M 0

(a)

�

�out

FIG. 1. (Color online) Schematic illustrations of a squeezed oscilla-
tor connected to chains consisting of unidirectionally coupled nodes.
(a) The squeezed node â0 is connected directly to one end of the
chain constituting the quantum channel and the constituents of the
channel are connected to their neighbors directly with rates Jk as
well as indirectly through a common bath in which the oscillators
can decay excitations at rates γ. All nodes can decay excitations into
distinct baths at rates γout. (b) Abstract depiction of this chain and
the directionality of the connections in this system. (c) Abstraction
of the node â0 connected to a quantum channel of M nodes in the
forward direction. (d) Depiction of the node â0 connected to a quan-
tum channel of M nodes in the backward direction.

as ˙⃗r = A⃗r + B⃗rin for the quadrature vector r⃗ =
(x̂â0 , p̂â0 , . . . , x̂âM , p̂âM )T and noise quadrature vector r⃗in =

(x̂b̂in
0

, p̂b̂in
0

, . . . , x̂b̂in
M

, p̂b̂in
M

, x̂b̂in
1,2

, p̂b̂in
1,2

, . . . , x̂b̂in
M−1,M

, p̂b̂in
M−1,M

)T

in terms of a dynamical matrix A ∈ R2(M+1)×2(M+1)

and an adjacency matrix B ∈ R2(M+1)×4M which are
documented in App. A. Since the equations are linear, the
state of the system at any point in time is fully described
by the first ⟨⃗rj⟩ and second moments of the quadrature
operators. The second moments can be arranged into a
covariance matrix Vij = ⟨⃗ri⃗rj + r⃗ j⃗ri⟩ − 2⟨⃗ri⟩⟨⃗rj⟩. Its
dynamics can be shown to obey the Lyapunov equation
V̇ = VAT + AV + N with the noise matrix N having
elements Nij = ∑q(N̄q̃ +

1
2 )(BiqBT

qj + BjqBT
qi), where N̄q̃ is

the thermal occupancy of the bath referred to in the qth entry
in r⃗in.

Since the Hamiltonian is quadratic and the dissipators are
of Lindblad form with respect to linear combinations of the
annihilation and creation operators, the time evolution of the
system is closed in the set of Gaussian states [43]. Further-
more, it is also known that if the dynamics of the system is
stable, i.e., the real parts of all the eigenvalues of A are nega-
tive [44], then the dynamics governed by the Lyapunov equa-
tion reaches a unique steady state that can be obtained by solv-
ing the equation V̇ = 0 which is outlined in App. B.
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III. NON-RECIPROCITY OF ENTANGLEMENT
PROPAGATION

These results allow us to our center of attention on the
asymmetry of physical quantities between modes k and m.
Thus, we denote V (k,m) as the reduced covariance matrix
that characterizes the subsystem consisting of nodes k and
m by ignoring all other entries [45]. Accordingly, it can be
further reduced to 2 × 2 blocks V (k) and V (m) which de-
scribe the covariance matrix of the respective single modes
and contains the 2 × 2 correlation blocks V (k,m). For the
covariance matrix of a two-mode Gaussian state, the sym-
plectic eigenvalues after partial transposition ν̃i of the covari-
ance matrix such as V (k,m) allow to judge the separability of
the subsystem [46–48]. These eigenvalues can be computed
with ∆(V (k,m)) = det(V (k))+det(V (m))− 2 det(V (km)) as

ν̃
(k,m)
± =

√
∆(V (k,m))±

√
∆(V (k,m))− 4 det(V (k,m))/

√
2.

The PPT criterion for separability of the state characterized
by V (k,m) can be stated as ν̃

(k,m)
− ≥ 1

2 , with the amount of
entanglement being quantified through the logarithmic nega-
tivity [46–48]

E(k,m)
N = max{0,− ln(2|ν̃(k,m)

− |)}. (3)

Our analysis proceeds with the properties of the steady
state covariance matrix Ṽ , given through the solution of
ṼAT + AṼ + N = 0 as the fixed point of the Lyapunov
equation [49]. The system under consideration consists of
identical oscillators ωk = ω and a channel of length M = 10
with γ/ω = 0.8, γout/ω = 0.002, and initial mean occupa-
tions N̄k = N̄l,l+1 = 0. A comment is in order here regarding
the counter-intuitive nature of the value of γ/ω. Perfect di-
rectionality in the chain can only be achieved if the hopping
rates Jl are equal to γ/2, as detailed above. Should the dissi-
pation rate γ be too small, the hopping rate between adjacent
nodes would be similarly small and the entanglement would
not propagate effectively through the chain. Conversely, if γ
is too large, dissipation is too strong and entanglement once
again fails to propagate. The values of γ and Jl employed here
strike a balance between these two scenarios and allow for the
efficient propagation of entanglement. Further elaboration of
the parameters is given in App. C.

The behavior of the entanglement in the system is deter-
mined by the amount of squeezing of the auxiliary oscilla-
tor â0, tunable through the parameter r, and its connection
to the chain with regards to the coupling structure’s forward
direction, as characterized by J0 and JM. The connection of
the squeezed oscillator in the forward direction of the chain
is realized by i J0 = j and JM = 0 while the connection
against the forward direction of the chain requires J0 = 0
and −i JM = j. We characterize the entanglement properties
of the nonreciprocal coupling scheme through properties be-
tween the squeezed oscillator and the oscillator after the first
nonreciprocal edge. Figure 2 illustrates the logarithmic nega-
tivity E(0,±2)

N between oscillator â0 and the oscillator two hops
away, with regards to the strength of squeezing and its cou-

0

1 0

1
0

0.15

r/ω
j/ω

E
(0

,±
2
)

N

Passing

Nonpassing

FIG. 2. (Color online) Logarithmic negativity between the squeezed
node and the node after the first nonreciprocal coupling in the for-
ward direction (solid surface) and in the backward direction (meshed
surface). The solid surface shows that connecting the squeezed os-
cillator to the channel in the forward direction results in nonzero
logarithmic negativity indicating entanglement between the squeezed
node and the nodes of the channel. The meshed surface shows that
connecting the squeezed node against the forward direction results in
zero logarithmic negativity irrespective of the strength of squeezing
and coupling. Consequently, the squeezed oscillator and the channel
are in a separable state demonstrating the effective isolation of en-
tanglement propagation through the nonreciprocal coupling.

pling to the channel; in other words, E(0,+2)
N := E(0,2)

N quan-
tifies the entanglement between the squeezed node its next-
to-nearest neighbor in the forward direction, and E(0,−2)

N :=

E(0,9)
N in the reverse direction. We find that coupling the

squeezed oscillator to the channel in the forward direction,
depicted by the solid surface, enables nonzero values of the
logarithmic negativity and we therefore find that the corre-
sponding nodes are entangled. Moreover, we find that both
squeezing and coupling are required to achieve entanglement
as squeezing creates identical excitation pairs in â0 which can
only travel to the channel if excitations can hop to the chan-
nel’s first node and increasing both parameters results in a
larger logarithmic negativity. If the squeezed oscillator is cou-
pled to the channel against the forward direction as illustrated
by the meshed surface, the resulting state between the channel
and the squeezed oscillator is separable, evidenced by vanish-
ing logarithmic negativity irrespective of the squeezing and
coupling parameters. For large squeezing and hopping param-
eters the system is found to be unstable which can be seen in
the edges of the surfaces resulting from the logarithmic neg-
ativity being undefined. Nevertheless, we find that entangle-
ment of the constituents of the quantum channel only propa-
gates in the forward direction of the unidirectional coupling.

IV. INFLUENCE OF THERMAL FLUCTUATIONS

Aiming to understand the amount of nodes that can be en-
tangled through the channel and its limits, we find the max-
imal node Mmax inseparable from the squeezed node by the
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FIG. 3. (Color online) Propagation depth of entanglement and mean occupation number of the final entangled node in the quantum channel for
the steady state in the forward direction. (a) Maximal node in the quantum channel that is entangled with the squeezed oscillator depending
on hopping and squeezing parameter. The maximal node increases with increasing the coupling of the squeezed oscillator to the quantum
channel and decreases with the squeezing. For low squeezing and large hopping entanglement passes throughout the entire system. Increasing
the squeezing leads to instability of the system. (b) The mean occupation number of the maximal entangled node is related to the temperature
increase generated through the entangling scheme. The mean occupation increases with larger coupling of the squeezed oscillator to the
quantum channel as well as with the squeezing until the system becomes unstable. This result suggests that entangling the nodes in the system
with the suggested scheme increases the temperature in the system until the system becomes unstable.

largest M with logarithmic negativity E(0,M)
N > 0. The re-

sults of this analysis are depicted in Fig. 3(a). Our results
show that an increasing coherent coupling of the squeezed os-
cillator to the chain increases the amount of entangled nodes
in the chain. We explain this increase by the improvement
of correlated excitations to propagate to the chain with an
enlarged hopping rate. However, we find that a stronger
squeezing and therefore a larger rate of generating excita-
tion pairs leads to fewer nodes that end up in an entangled
state with the squeezed node and ultimately to an unstable
system. Additionally, the single mode covariance matrices
V (k)(t) are related to the mean occupation of each node as
N̄k(t) = [Tr(V (k)(t)) − 2]/2 which enables us to charac-
terize the thermal noise that is generated in the respective
node. In the following, we consider the mean occupation
n̄k = [Tr(Ṽ (k)) − 2]/2 using the steady state [49]. We at-
tribute this occupation to the thermal noise which is gener-
ated through the creation and propagation of entanglement
throughout the quantum channel in our scheme. The result-
ing mean occupation in the maximal node inseparable from
the squeezed node are depicted in Fig. 3(b). We find that the
mean occupation number and therefore the temperature in the
node rises with an increasing hopping rate and with an in-
creasing squeezing parameter. Ultimately, the figure shows
that the system becomes unstable when the occupation num-
ber becomes too large. We thus conclude that the same mech-
anism that generates entanglement also increases the effective
temperature in the system, which is the limiting factor in the
propagation of entanglement through the system.

V. OPTOMECHANICAL IMPLEMENTATION

This section aims to employ prior results [40, 50] show-
ing that mechanical degrees of freedom can act as control-
lable reservoirs required for our entanglement scheme. Con-
sequently, the optomechanical system can be used as an en-
tanglement routing channel for the optical fields. We employ
the mapping worked out in [40] which shows that the nonre-
ciprocal coupling can be achieved with dielectric nanostring
mechanical resonators [15] or on-chip-microwave electrome-
chanical systems based on a lumped-element superconduct-
ing circuit with a drumhead capacitor [14, 16]. The result-
ing parameters amount to cavities resonant at 2π × 5 GHz
with damping rates κ = 2π × 2 MHz, mechanical reso-
nance frequency ωm = 2π × 6 MHz, and damping rate
γm = 2π × 100 Hz. Although the value of γ, to which the
values of Jl are tied, as discussed previously, is significantly
higher than is the norm for optomechanical experiments, we
believe that such values are not outside the realm of experi-
mental realization for systems that are designed and optimized
appropriately.

VI. CONCLUSION AND OUTLOOK

Our investigation outlined a general framework for nonre-
ciprocal propagation of entanglement in composite bosonic
quantum systems. Our study also shows that the creation of
entanglement increases the temperature in the system which
in turn is the limiting factor for the stability of the system.
Our framework can be mapped to an optomechanical realiza-
tion. This mapping shows that the scheme can be realized
with parameters of typical microwave optomechanical exper-
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iments. Therefore, our scheme can be tested in present day
experiments with state-of-the-art setups in the optical and the
microwave domain. In the context of quantum measurements
and emerging quantum technologies, our techniques and ideas
will find use in the manipulation of flow of entanglement in-
side quantum devices for phonon-based signal processing and
computation.
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Appendix A: The dynamical and noise matrix in the Lyapunov
equation

The unidirectionally coupled nodes described in [42] were
used as a basis for the model in this study and can be summa-
rized through the master equation in Eq. (2). The equivalent
quantum Langevin equations for the model in this study are
given by

˙̂ak =−
(

iωk −
γout + (2 − 2δk0 − δk1 − δkM)γ

2

)
âk

+ δk0(−râ†
0 + J0 â1)− δk1 J∗0 â0

− (1 − δk0 − δk1)γâk−1 + (1 − δk0 − δkM)
√

γb̂in
k,k+1

+ (1 − δk0 − δk1)
√

γb̂in
k−1,k +

√
γoutb̂in

k (A1)

in the case of connecting the source node to the first node in
the passing direction, where i J0 = jfwd, JM = 0, and J1 =

J2 = .... = JM−1 = γ/2 according to the condition required
for unidirectionality. Similarly, in the case of connecting the
source node to the final node to obtain a connection against
the passing direction with J0 = 0, −i JM = jbwd and J1 =
J2 = .... = JM−1 = γ/2 the resulting dynamics turn out to
be

˙̂ak =−
(

iωk −
γout + (2 − 2δk0 − δk1 − δkM)γ

2

)
âk

+ δk0(−râ†
0 − JM âM) + δkM J∗M â0

− (1 − δk0 − δk1)γâk−1 + (1 − δk0 − δkM)
√

γb̂in
k,k+1

+ (1 − δk0 − δk1)
√

γb̂in
k−1,k +

√
γoutb̂in

k (A2)

The quantum Langevin equations define the dynamics of
the system and can be rewritten in terms of the two quadra-
tures x̂k = (â†

k + âk)/
√

2 and p̂k = i(â†
k − âk)

√
2 of each

mode as

d
dt

r̂(t) = A⃗rl(t) + B⃗rin(t) (A3)

with the quadratures arranged as the vector r⃗ =
(x̂â0 , p̂â0 , . . . , x̂âM , p̂âM )T and the noise vector r⃗in =

(x̂b̂in
0

, p̂b̂in
0

, . . . , x̂b̂in
M

, p̂b̂in
M

, x̂b̂in
1,2

, p̂b̂in
1,2

, . . . , x̂b̂in
M−1,M

, p̂b̂in
M−1,M

)T

where Akl denotes a 2M × 2M matrix called the dynamical
matrix.

From the equations (S1) and (S2) we extract dynamical ma-
trix A as it only encompasses terms containing the nodes â.
The dynamical matrix can be written with the 2 × 2 identity
matrix 12, the 2 × 2 zero matrix 02, and the Pauli matrices

σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
(A4)

as

A =



−rσz − γ0
2 12 + iω0σy ijfwdσy 02 . . . ijbwdσy

ijfwdσy − γ1
2 12 + iω1σy 02 . . . 02

02 −γ12 − γ2
2 12 + iω2σy . . . 02

02 02 −γ12 . . . 02
...

...
...

. . .
...

ijbwdσy 02 02 . . . − γM
2 12 + iωMσy


(A5)

with γ0 = γout, γ1 = γM = γout + γ and all other γk =
γout + 2γ according to the number of baths to which these are
connected. We can extract B from Eq. (1) and Eq. (2) as 2× 2

identity matrices 12 if the respective bath is connected to the
oscillator scaled by the square root of the decay rate and zeros
otherwise
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B =



√
γout12 02 02 . . . 02 02 02 . . . 02
02

√
γout12 02 . . . 02 02

√
γ12 . . . 02

02 02
√

γout12 . . . 02 02
√

γ12 . . . 02
...

...
...

. . .
...

...
...

. . .
...

02 02 02 . . .
√

γout12 02 02 . . .
√

γ12
02 02 02 . . . 02

√
γout12 02 . . .

√
γ12

 (A6)

With the covariance matrix defined as

Vij =⟨⃗ri⃗rj + r⃗ j⃗ri⟩ − 2⟨⃗ri⟩⟨⃗rj⟩ (A7)

Through some manipulation the dynamics can be worked out
in terms of the covariance matrix whereby the resulting equa-
tion is termed the Lyapunov equation:

d
dt
V = VAT +AV +N (A8)

with the noise matrix

Nij = ∑
q
(N̄⌊q/2⌋ + 1/2)(BiqBT

qj + BjqBT
qi) (A9)

consisting of 2× 2 blocks γq(N̄q + 1/2)12 if oscillator i and
oscillator j are coupled to the bath referred to in the qth index
in r⃗in.

Appendix B: Stability and Physicality analysis of the system

We have established that the covariance matrix evolves un-
der the differential Lyapunov equation

d
dt
V(t) =AV(t) + V(t)AT +N

V(0) =V0 (B1)

where we assume that A is diagonalizable such that
P−1AP = D with the diagonal matrix D. Consequently,
the transpose is AT is diagonalizable as Q−1AQ = D =
PTAT(P−1)T = DT = D with Q = (PT)−1. Then, it can
be shown that the solution to the dynamical Lyapunov equa-
tion is unique and can be spectrally decomposed [44]

V(t) =P
[( t∫

0

e(αj+αk)(t−s)ds
)

jk
◦ (P−1N (Q†)−1)jk)

]
Q†

+ P[(e(αj+αk)t)jk ◦ (P−1V0(Q†)−1)jk]Q†, (B2)

where ◦ denotes the Hadamard product or equivalently entry-
wise multiplication of the matrices. Through the scalar inte-
grals [44]

t∫
0

e(t−s)(αj+αk)ds =

 e(αj+αk)t−1
(αj+αk)

if (αj + αk) ̸= 0

t if (αj + αk) = 0
(B3)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

j/ω

r/
ω

FIG. 4. Stability and physicality of the system depending on the cou-
pling strength j/ω and squeezing parameter r/ω for the parameters
γout/ω=0.002 and γ/ω=0.8 used in the analysis.

we see, that V acquires a unique steady state if all eigenvalues
of A have negative real part. Then, the steady state for t →
∞ is given by the first line of Eq. (B2) as the second line
vanishes.

A test for physicality of the resulting covariance matrix
consists in satisfying two requirements [46]. Firstly, the
steady state covariance matrix must be positive which means
that the real parts of the eigenvalues of the covariance matrix
are all equal to or greater than zero. Secondly, all symplec-
tic eigenvalues of the covariance matrix must have real parts
greater than or equal to 1/2. The symplectic eigenvalues can
be computed with the symplectic form

Ω =
M⊕

i=0

(
0 1
−1 0

)
(B4)

as the eigenvalues of the matrix |iΩV|. The results for the
physicality happen to coincide with those of stability through-
out our analyses. Therefore, the resulting stability and physi-
cality of the system depending on the coupling strength j/ω
and squeezing parameter r/ω for the parameters used in the
analysis are illustrated in Fig. 4.
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Appendix C: Determination of the operational parameters

The matching between the cascaded quantum system with
an optomechanical system as well as the aims of our analyses
influence the various parameters of the model. We assumed
that the mean number of excitations N̄k = [exp(h̄ω/kBTk)−
1]−1 is chosen to observe the dynamics of the optomechanical
system without the influence of noise. Thus, we set N̄k = 0
throughout. The resulting mean number of excitations in the
system, depicted in Fig. 3(b), can be converted into an effec-
tive temperature Teff generated through the process depend-
ing on the chosen frequency ω through inversion of the above
equation as

Teff =
h̄ω

kBln
(

1 + 1
n̄Mmax

) (C1)

Using the frequency ωcav = 2π × 5 GHz of the cavity sug-
gested and a cut-off mean occupation of n̄Mmax = 0.01, we
obtain an effective temperature of 52 mK that can be gener-
ated through the process which is much larger than the ambi-

ent temperature of 10 mK at which the suggested microwave
resonators can be operated [40]. Thus, the effects of the non-
reciprocal entanglement routing should be observable in ex-
periments and not be hidden by thermal noise.

The values assigned for both squeezing and hopping terms,
r and j respectively, are assumed to be in the small coupling
region in which perturbative approaches apply, which limits
these parameters to be bounded by the oscillator frequencies.
Therefore, we can scale r and j accordingly in terms of ω and
perform our analyses for 0 ≤ r/ω, j/ω ≤ 1. Similarly to
the temperature, the squeezing parameter r employed here is
always scaled to the frequency ω and thus the squeezing to
be employed in an experimental realization depends on the
frequency of the system under consideration.

The value of γ was decided upon, from a bounded region
identical to that of r and j, after several observations through-
out the study. The chosen value for γ/ω = 0.8 is observed
to fall within a substantially narrow range where manifesta-
tion of entanglement is favoured. The coupling strength to
the respective baths, γout/ω, was observed to have a minimal
impact on the system and thus its value was kept quite small,
concretely γout/ω = 0.002, so that the study would be able
to focus on the more critical parameters.
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and M. A. Sillanpää, Phys. Rev. Applied 11, 034027 (2019).

[18] H. Xu, A. A. Clerk, and J. G. E. Harris, Nature 568, 65 (2019).
[19] M. Aspelmeyer, T. J. Kippenberg, and F. Marquardt, Rev. Mod.

Phys 86, 1391 (2014).
[20] S. Barzanjeh, A. Xuereb, and S. Gröblacher, and M. Paternos-
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