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1Department of Physics, University of Malta, Msida MSD 2080, Malta

(Dated: November 13, 2025)

I. THE DYNAMICAL AND NOISE MATRIX IN THE
LYAPUNOV EQUATION

The unidirectionally coupled nodes described in [1] were
used as a basis for the model in this study and can be summa-
rized through the master equation in Eq. (2) of the main text.
The equivalent quantum Langevin equations for the model in
this study are given by
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in the case of connecting the source node to the first node in
the passing direction, where i J0 = jfwd, JM = 0, and J1 =
J2 = .... = JM−1 = γ/2 according to the condition required
for unidirectionality. Similarly, in the case of connecting the
source node to the final node to obtain a connection against
the passing direction with J0 = 0, −i JM = jbwd and J1 =
J2 = .... = JM−1 = γ/2 the resulting dynamics turn out to
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The quantum Langevin equations define the dynamics of
the system and can be rewritten in terms of the two quadra-
tures x̂k = (â†

k + âk)/
√

2 and p̂k = i(â†
k − âk)

√
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mode as

d
dt

r̂(t) = A⃗rl(t) + B⃗rin(t) (3)

with the quadratures arranged as the vector r⃗ =
(x̂â0 , p̂â0 , . . . , x̂âM , p̂âM )T and the noise vector r⃗in =
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where Akl denotes a 2M × 2M matrix called the dynamical
matrix.

From the equations (S1) and (S2) we extract dynamical ma-
trix A as it only encompasses terms containing the nodes â.
The dynamical matrix can be written with the 2 × 2 identity
matrix 12, the 2 × 2 zero matrix 02, and the Pauli matrices
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1 0

]
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]
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as

A =



−rσz − γ0
2 12 + iω0σy ijfwdσy 02 . . . ijbwdσy
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02 02 −γ12 . . . 02
...
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...

. . .
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2 12 + iωMσy
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with γ0 = γout, γ1 = γM = γout + γ and all other γk =
γout + 2γ according to the number of baths to which these are
connected. We can extract B from Eq. (1) and Eq. (2) as 2× 2

identity matrices 12 if the respective bath is connected to the
oscillator scaled by the square root of the decay rate and zeros
otherwise
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With the covariance matrix defined as

Vij =⟨⃗ri⃗rj + r⃗ j⃗ri⟩ − 2⟨⃗ri⟩⟨⃗rj⟩ (7)

Through some manipulation the dynamics can be worked out
in terms of the covariance matrix whereby the resulting equa-
tion is termed the Lyapunov equation:

d
dt
V = VAT +AV +N (8)

with the noise matrix

Nij = ∑
q
(N̄⌊q/2⌋ + 1/2)(BiqBT

qj + BjqBT
qi) (9)

consisting of 2× 2 blocks γq(N̄q + 1/2)12 if oscillator i and
oscillator j are coupled to the bath referred to in the qth index
in r⃗in. The concrete form of the noise matrix is

N =



γoutĒ012 02 02 02 . . . 02
02 [γoutĒ1 + γĒ1,2]12 γĒ1,212 02 . . . 02
02 γĒ1,212 [γoutĒ2 + γĒ1,2 + γĒ2,3]12 γĒ2,312 . . . 02
02 02 γĒ2,312 [γoutĒ3 + γĒ2,3 + γĒ3,4]12 . . . 02
...

...
...

...
. . .

...
02 02 02 02 . . . [γoutĒM + γĒM−1,M]12


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with Ēq = (N̄q + 1/2) and Ēn,q = (N̄n,q + 1/2).

II. STABILITY AND PHYSICALITY ANALYSIS OF THE
SYSTEM

We have established that the covariance matrix evolves un-
der the differential Lyapunov equation

d
dt
V(t) =AV(t) + V(t)AT +N

V(0) =V0 (11)

where we assume that A is diagonalizable such that
P−1AP = D with the diagonal matrix D. Consequently,
the transpose is AT is diagonalizable as Q−1AQ = D =
PTAT(P−1)T = DT = D with Q = (PT)−1. Then, it can
be shown that the solution to the dynamical Lyapunov equa-
tion is unique and can be spectrally decomposed [2]

V(t) =P
[( t∫

0

e(αj+αk)(t−s)ds
)

jk
◦ (P−1N (Q†)−1)jk)

]
Q†

+ P[(e(αj+αk)t)jk ◦ (P−1V0(Q†)−1)jk]Q†, (12)

where ◦ denotes the Hadamard product or equivalently entry-
wise multiplication of the matrices. Through the scalar inte-
grals [2]

t∫
0

e(t−s)(αj+αk)ds =

 e(αj+αk)t−1
(αj+αk)

if (αj + αk) ̸= 0

t if (αj + αk) = 0
(13)

we see, that V acquires a unique steady state if all eigenvalues
of A have negative real part. Then, the steady state for t → ∞
is given by the first line of Eq. (12) as the second line vanishes.

A test for physicality of the resulting covariance matrix
consists in satisfying two requirements [3]. Firstly, the steady
state covariance matrix must be positive which means that the
real parts of the eigenvalues of the covariance matrix are all
equal to or greater than zero. Secondly, all symplectic eigen-
values of the covariance matrix must have real parts greater
than or equal to 1/2. The symplectic eigenvalues can be com-
puted with the symplectic form

Ω =
M⊕

i=0

[
0 1
−1 0

]
(14)

as the eigenvalues of the matrix |iΩV|. The results for the
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FIG. S1. Stability and physicality of the system depending on the
coupling strength j/ω and squeezing parameter r/ω for the param-
eters γout/ω=0.002 and γ/ω=0.8 used in the main text.

physicality happen to coincide with those of stability through-
out our analyses. Therefore, the resulting stability and physi-
cality of the system depending on the coupling strength j/ω
and squeezing parameter r/ω for the parameters used in the
main text are illustrated in Fig. S1.

III. DETERMINATION OF THE OPERATIONAL
PARAMETERS

The matching between the cascaded quantum system with
an optomechanical system as well as the aims of our analyses
influence the various parameters of the model. We assumed

that the mean number of excitations N̄k = [exp(h̄ω/kBTk)−
1]−1 is chosen to observe the dynamics of the optomechanical
system without the influence of noise. Thus, we set N̄k = 0
throughout. The resulting mean number of excitations in the
system, depicted in Fig. 3(b) of the main text, can be con-
verted into an effective temperature Teff generated through the
process depending on the chosen frequency ω through inver-
sion of the above equation as

Teff =
h̄ω

kBln
(

1 + 1
n̄Mmax

) (15)

Using the frequency ωcav = 2π × 5 GHz of the cavity sug-
gested in the main text and a cut-off mean occupation of
n̄Mmax = 0.01, we obtain an effective temperature of 52 mK
that can be generated through the process which is much larger
than the ambient temperature of 10 mK at which the suggested
microwave resonators can be operated [4]. Thus, the effects of
the non-reciprocal entanglement routing should be observable
in experiments and not be hidden by thermal noise.

The values assigned for both squeezing and hopping terms,
r and j respectively, are assumed to be in the small coupling
region in which perturbative approaches apply, which limits
these parameters to be bounded by the oscillator frequencies.
Therefore, we can scale r and j accordingly in terms of ω and
perform our analyses for 0 ≤ r/ω, j/ω ≤ 1. Similarly to
the temperature, the squeezing parameter r employed here is
always scaled to the frequency ω and thus the squeezing to
be employed in an experimental realization depends on the
frequency of the system under consideration.

The value of γ was decided upon, from a bounded region
identical to that of r and j, after several observations through-
out the study. The chosen value for γ/ω = 0.8 is observed
to fall within a substantially narrow range where manifesta-
tion of entanglement is favoured. The coupling strength to
the respective baths, γout/ω, was observed to have a minimal
impact on the system and thus its value was kept quite small,
concretely γout/ω = 0.002, so that the study would be able
to focus on the more critical parameters.
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